Exciton condensation in an electron-hole bilayer system of monolayer transition metal dichalcogenides is analyzed at three different levels of theory to account for screening and quasiparticle renormalization. The large effective masses of the transition metal dichalcogenides place them in a strong coupling regime. In this regime, mean field (MF) theory with either an unscreened or screened interlayer interaction predicts a room temperature condensate. Interlayer and intralayer interactions renormalize the quasiparticle dispersion, and this effect is included in a GW approximation. The renormalization reverses the trends predicted from the unscreened or screened MF theories. In the strong coupling regime, intralayer interactions have a large impact on the magnitude of the order parameter and its functional dependencies on effective mass and carrier density.
I. INTRODUCTION
Electron-hole (e-h) bilayer systems, such as the one illustrated in Fig. 1(a) , are good candidates for observing exciton condensation [1] . The presence of an exciton condensate results in a gapped spectrum for the e-h bilayer system, as illustrated in Fig. 1(b) . Although there is evidence of exciton condensation in GaAs double quantum wells in the quantum Hall regime [2] [3] [4] [5] , the zero-field exciton condensate remains elusive. Recently, focus has returned to engineering a bilayer exciton condensate in the absence of a magnetic field in two-dimensional crystals such as graphene and transition metal dichalcogenides [6] [7] [8] [9] [10] [11] [12] [13] .
Graphene appears to be an attractive candidate for the realization of bilayer exciton condensates due to its perfect particle-hole nesting [6, 7] . Mean field calculations with the bare Coulomb interaction predict high transition temperatures (∼ 300 K) [6] . However, screening effects in graphene are of the order of the Fermi wavevector (k F ). As a result, static screening reduces the transition temperatures significantly [8, 11, 14] . The predicted transition temperatures in the e-h graphene bilayer systems range from 1 mK -100 K [6-8, 11, 15-18] , depending on the level of the theory. A study which includes dynamical effects on the screened interactions estimates a transition temperature T c ∼ 4 K [19] . Another study taking into account the screening resulting from proximity gates found transition temperatures in the 1 mK-1 K range [11] . Replacing each monolayer of graphene with a bilayer of graphene has been suggested for increasing the transition temperature [20] .
The strength of the exciton condensate is proportional to the coupling strength λ, which is the ratio of the interaction energy to the band energy. This ratio is the fine structure constant in graphene given by λ = e 2 /[κ v F ] ∼ 2.2/κ [6, 19, 21] , where κ is the dielectric constant of the barrier material and v F is the Fermi velocity. Graphene's fine structure constant is density independent and typically λ 1, which is a good approximation for weak coupling theories. However for parabolic bands, such as those in bilayer graphene and transition metal dichalcogenides (TMDs), λ is density dependent. In this case, λ 6gm + /(κk F ), where m + is the reduced electron-hole mass of the e-h bilayer system, g is the degeneracy, and k F ∝ n 2D /g is the Fermi momemtum that depends on electron density n 2D . In bilayer graphene, the low effective mass gives λ = 0.2 ∼ 1.1, so that weak coupling theories also apply.
TMDs have larger effective masses and typically larger values of λ = 2.2 ∼ 10.4, depending on the carrier density of 10 11 ∼ 10 12 cm −2 . Larger masses result in larger excitonic binding energies that would appear more suitable for higher exciton gaps and transition temperatures. Mean field calculations using the unscreened Coulomb interactions do predict room temperature condensation, and they also predict higher condensation temperature for higher carrier densities (n 2D ). However, for higher carrier densities, screening effects should be considered. In graphene bilayers, screening incorporated within a random phase approximation (RPA) reduces the interlayer coherence, as one would expect. For TMD bilayers, which lie in the strong coupling regime, RPA screening has little effect on the interlayer coherence.
Screening not only affects the interlayer interaction, but it also affects the intralayer interaction within the same monolayer. The intralayer interaction renormalizes the effective mass and the corresponding λ. We formulate an intermediate/strong coupling theory by incorporating both the interlayer and the intralayer RPA screened interaction into a self-energy correction that renormalizes both the effective masses and the excitonic gaps. The inclusion of the self-energy renormalization reverses the trends predicted from the unscreened and screened MF theories. In the weak coupling limit, the intermediate/strong coupling theory converges to the MF theory with an unscreened interaction.
The remainder of the paper is organized as follows. Section II describes the effective model for TMDs used in this paper. Section III discusses the standard mean field treatment of the model Hamiltonian for the bilayer TMD system with an unscreened interaction. In section IV, we include RPA screening and a self-energy renormalization in a GW approximation and compare the predictions of the different levels of theory. Section V summarizes and concludes.
II. EFFECTIVE MODEL FOR E-H TMDS BILAYERS
We consider several TMD electron-hole bilayers separated by an insulating h-BN spacer layer, as illustrated in Fig 1(a) . Separation of the electron and hole layers by a barrier reduces the overlap of their respective wavefunctions which reduces the interlayer tunneling and recombination. The Fermi level lies in the conduction band of the top monolayer and in the valence band of the bottom monolayer.
The two layers of the bilayer system can consist of the same TMDs (homo-bilayer) or different TMDs (heterobilayer). To achieve high critical temperatures for exciton condensation particle-hole nesting is beneficial, (i.e., |m e | = |m h |). The electron and hole masses in TMDs are similar but not equal, therefore, we consider different homo-and hetero-layer TMD combinations. Table I shows the spin-resolved band parameters, the effective masses and maximum 2D carrier density for several monolayer TMDs, calculated using spin-resolved density functional theory [24] . All the ab initio calculations, including the geometric relaxation and the electronic band properties, are performed at the hybrid Heyd-Scuseria-Ernzerhof (HSE) level of theory [25] with   FIG. 2 . Spin composition at K and K ′ of monolayer MoX2 TMDs [23] . Up-and down-spin bands are denoted by solidred and dash-blue lines, respectively. Spin-orbit coupling causes spin splitting of the conduction band (∆c) and the valence band (∆v).
spin-orbit coupling (SOC). Calculation details are described in Appendix A of [22] . From the effective masses in Table I , we identify several TMD bilayer combinations with partial electron-hole nesting (i.e., |m e | ∼ |m h | ). All of the n-type layers are chosen from the MoX 2 materials with spin splitting illustrated in Fig. 2 [23, 26] . The spin splitting of the conduction band ∆ c sets the maximum Fermi level for each calculation. Within this limit, each band of each K-valley is spin polarized.
Treating the electron and hole dispersions as parabolic, the model Hamiltonian for the structure is (1) where c † k,σ,e (c † k,σ,h ) denote the electron (hole) creation operators, σ denotes the spin and valley quantum numbers for the electron/hole, k = (k x , k y ) is the in-plane two-dimensional momentum with k = k 2 x + k 2 y , S is the area of the bilayer, α(β) ∈ {e, h} are the electron/hole layer indices, ǫ
, k F is the Fermi momentum, and m e(h),σ denotes the spin and valley dependent effective masses for the electron (hole). Time reversal symmetry dictates that m α,σ = m α,−σ . In Eq. (1), ρ α (q) = kσ c † k+qσα c kσα is the total electron density for the α th layer, V ee = V hh = 2πe 2 /(κq) is the Fourier transform of the intralayer interaction, and V eh = V he = −V ee e −qd is the Fourier transform of the interlayer interaction, where κ is barrier dielectric constant, d is the thickness of the h-BN insulating spacer, and q is the momentum transfer, q = |k − k ′ |.
III. MEAN FIELD THEORY
Mean field decomposition of Eq. (1), gives an effective BCS-like Hamiltonian. The Green's function for the MF TABLE I. TMD material parameters obtained using density functional theory (HSE-SOC) [22] . mα is the effective mass at the valence band edge (Kv) and the conduction band edge (Kc), in the units of free electron mass m 0 . κ is the relative dielectric constant. n 2D and k F are the maximum allowed electron density and Fermi wavevector for one-type of spin determined by the conduction spin-splitting energy ∆c.
Material
Effective effective Hamiltonian can be expressed as,
whereτ i is a Pauli matrix representing the layer pseudospin in the indices α and
, and ∆ k is the order parameter. When ∆ → 0, the Green function in Eq. (2) reduces to the Green's function of the normal state. The value of the order parameter ∆ is evaluated self-consistently,
In general, the order parameter can have a complicated dependence on momentum, but here we assume a translationally invariant order parameter ∆. We evaluate the normalized order parameter∆ = ∆/ǫ F , as a function of the interaction strength λ and the interlayer separation d,
, κ is the dielectric constant of the h-BN barrier (3.9), g is flavor multiplicity (two-fold for the valley degeneracy), φ is the angle between k and q, and q = q/k F when k F = 4πn 2D /g. Note the appearance of the interaction parameter λ, which captures the strength of the interlayer coherence. Eq. (4) is evaluated self-consistently at k = k F . Henceforth, we restrict our attention to the case where the electron and hole densities are identical, n e = n h = n 2D . We refer to this approach as unscreened mean field (MF) and will denote it as MF. Figure 3(a) shows the dependence of the order parameter ∆ as a function of the coupling parameter λ at a carrier density of n 2D = 2. Table I . Due to the higher effective masses and lower carrier densities, the values of λ for these bilayer combinations are in the strong coupling regime (λ ∼ 2). Figure 3(b) shows the order parameter ∆ in the phase space of the reduced effective mass (m + ) and the electron density (n 2D ). The positions of the 5 bilayer systems are also shown. As anticipated, the unscreened mean field theory indicates that exciton condensation is favorable for higher 2D carrier densities and larger effective masses.
The unscreened mean field calculations are generally valid for weak coupling regimes (λ ∼ 0.5). Considering that the TMD hetero-structures fall in the strong coupling regime (λ ∼ 2), the theory of exciton condensates in TMDs must be enhanced to include screening and renormalization effects. In the next section, we formulate a strong coupling theory that includes screening of the Coulomb interaction, as well as the effect of quasiparticle renormalization.
IV. INTERMEDIATE/STRONG COUPLING THEORY
In this section, we first include RPA screening and then self-energy renormalization in a GW approximation. Results from the different levels of theory are compared.
A. Screened interlayer and intralayer interaction
Screening is treated in the random phase approximation as illustrated in Fig. 4(a) . At this level of theory, the solid lines in the polarization diagram represent the Green function of Eq. (2) which includes the coherence term ∆. ∆ is calculated from Eq. (4) using the screened interaction self-consistently with the polarization functions. The polarization is a 2 × 2 matrix with diagonal terms Π S corresponding to same-layer polarization, and offdiagonal terms Π D corresponding to different-layer polarization. When the top and bottom layers have the same carrier density, Π S and Π D can be decoupled into even and odd channels, defined as Π ± = Π S ± Π D where
The particle-hole response functions depend on the order parameter ∆ and also through the gapped spectrum E k = ξ 2 k + ∆ 2 , as seen explicitly in Eq. 5. The response function is evaluated self-consistently with the order parameter. From this point onward, we neglect dynamical retardation of the screened interaction and set the frequency ω = 0.
The even polarization function Π + captures the density response to the total charge density of the gapped spectrum. Since the total response of a gapped system to a uniform shift in the potential vanishes, Π + (q → 0) = 0. The odd channel polarization function Π − captures the response to a difference in the charge density of the two layers. In the q → 0 limit, the odd channel polarization function approaches the density of states, Π − (q → 0, ω = 0) = −N (ǫ F ), independent of the gap ∆.
The intralayer and interlayer density response functions needed for the calculations are Π S = (Π + + Π − )/2 and Π D = (Π + − Π − )/2 given by
The response functions are normalized to the 2D density of states as 
. ( (8) self-consistently. We refer to this approach as mean field with RPA screening (MF-RPA).
Electron-electron interactions not only result in screening, but they also renormalize the quasiparticle dispersion. The self-energy renormalization is affected by both the interlayer and the intralayer interactions. Similar to the screened interlayer interaction in Eq. (8) 
.
(9) This correctly reduces to the monolayer RPA interaction in the limit d → ∞.
The order parameter is directly proportional to the interlayer screened potential v sc D . The intralayer interaction v sc S enters into the diagonal element of the self-energy which renormalizes the quasiparticle dispersion (ξ k ) and the interaction strength λ. To understand these effects, we determine the self-energy of Fig. 4(b) and use it to calculate the order parameter self-consistently.
B. Self-energy correction to many-body interaction
The renormalization of both the quasiparticle dispersion and the interlayer interaction are included within a GW approximation. The self-energy illustrated in Fig. 5 is calculated self-consistently with the Green's function. The Green's functions used in the polarization diagram include the renormalized order parameter but ignore the mass renormalization. Only the real part of the self energy is used in the calculation of the Green's function. We refer to this approach as mean field with GW renormalization (MF-GW).
Denoting the 2 × 2 self-energy matrix as Σ c , the full Green function matrix G(k, ω) is given by
, where G is the bare Green function in Eq. (2). Hence, the full Green function is
where ∆ 0 is the gap function in the absence of the selfenergy correction, and R denotes the real part. It is clear from Eq. (10) that the diagonal element Σ S renormalizes the quasiparticle dispersion as ξ k → ξ k + R(Σ S ), and the off-diagonal element Σ D renormalizes the gap function as
We calculate the diagonal self-energy as
where G S is the diagonal part of the Green's function in Eq. (10) . We take the complex path integral over Ω in Eq. (11) and calculate the normalized diagonal selfenergy in the static limit (ω → 0),
} takes into account the renormalization of the quasiparticle dispersion. Θ is the unit step function, and Σ S = Σ S /ǫ F . Since Σ S (k) in Eq. (12) requires the evaluation of Σ S (k −q), we use analytical continuation properties, i.e., R(Σ S (k)) = R(Σ S (−k)). A separate calculation of the off-diagonal self-energy Σ D is avoided by self-consistently absorbing it in the definition of∆,
The value of ∆ determined from Eq. (13) The dispersion represented by ξ k used in the calculation of the polarization functions is the bare dispersion in the absence of Σ S . Thus, the Green function lines in the polarization bubble are partially self-consistent in that they include the effect of the self-energy on the off-diagonal order parameter, but they do not include the effect of mass renormalization. Eqs. (6), (7), (8), (9), (12) , and (13) are the set of self-consistent equations that are solved to obtain ∆.
To understand the relative contribution of the selfenergy correction, we plot the normalized R (Σ S ) in (λ < 0.2), the self-energy is only 20% -60% of the Fermi energy. However, at the onset of intermediate/strong coupling region (λ ≥ 0.5), the self-energy becomes equal to or larger than the Fermi energy. This illustrates the importance of the self-energy correction in the strong coupling regime.
C. Discussion
In this section, we discuss the MF-GW results and compare them with the MF and MF-RPA predictions. Theoretically, the most favorable condition of condensation occurs at vanishing interlayer distance, i.e. k F d → 0. Considering this optimum condition, Fig. 6 summarizes the three different levels of theory. For the MF calculation the gap increases monotonically with interaction strength. In this case, moderate interlayer interaction (λ > 0.2) leads to room temperature condensation. The effect of RPA screening (MF-RPA) on the order parameter depends on the relative strength of λ. In the weak coupling regime (λ ≈ 0.25), screening reduces the interlayer coherence. In the intermediate/strong coupling regime, screening cannot compete with the interlayer interaction and ∆ follows the unscreened gap function. When both interlayer and intralayer screening are included as a self-energy correction (MF-GW), the interlayer coherence is strongly reduced for interaction strengths above 0.25. As λ → 0, the MF-GW theory and the MF theory coincide. The reason is apparent from Fig. 5 , which shows that self-energy correction remains negligible up to λ ∼ 0.1. Figure 7 is a color contour plot of ∆ as a function of m + and n 2D determined from the MF-GW theory. The positions of the same bilayer structures from Fig. 3 are shown. A comparison of the m + − n 2D phase diagram in Fig. 7 with that of the MF result in Fig. 3(b) shows that MF-GW theory predicts trends that are qualitatively different from the MF theory. For a reduced mass greater than 0.05, the order parameter of MF theory is nearly independent of the mass and is moderately dependent on the density, changing by a factor of ∼ 3 as the density increases an order of magnitude from 5 × 10 11 cm −2 to 5 × 10 12 cm −2 . The order parameter of MF-GW theory has the same moderate dependence on the density, but it is exponentially dependent on the mass. For a density of 2 × 10 12 cm −2 , the order parameter decreases 5 orders of magnitude as the mass increases from 0.05 to 0.3. Also, the functional dependence of the order parameter on the mass is qualitatively different. In both theories, the order parameter rapidly increases as m + increases from zero. In MF theory, the order parameter saturates and remains constant for m + 0.1. In MF-GW theory, the order parameter peaks at m + ∼ 0.025 and then exponentially decays as m + increases. For MF theory, the conditions for maximum ∆ occur at the upper right corresponding to high density and high mass. For MF-GW theory, the conditions for maximum ∆ occur at the lower left corresponding to low density and low mass. The MF-GW theory exponentially reduces the magnitude of the order parameter for masses corresponding to those of the 2D bilayers. The heavy masses of the 2D materials which increase the order parameter in MF theory, decrease the order parameter in MF-GW theory.
As shown in Fig. 6 , interlayer screening calculated self-consistently in the presence of a condensate has little effect on the order parameter in the strong coupling limit. Renormalization due to intralayer screening has a large effect. We conclude that, in the strong coupling limit, the intralayer interactions determine the overall trends of the order parameter.
V. CONCLUSION
Exciton condensation is analyzed as a function of the coupling strength with a focus on the strong coupling regime, which is the regime of TMD bilayer electron-hole systems. Three different levels of theory are considered. Starting from unscreened mean field theory, RPA screening and self-energy renormalization in a GW approximation are included. A mean field calculation with an unscreened Coulomb potential predicts a room temperature exciton condensate. The inclusion of RPA screening in the interlayer interaction reduces the order parameter in the weak coupling regime, but it has little effect in the strong coupling regime, and a room temperature condensate is still predicted. The inclusion of the effects of both the interlayer and intralayer interactions through a self-energy correction to the quasiparticle dispersion and the order parameter in a GW approximation reverses the trends predicted from the MF and MF-RPA theories. The MF-GW theory favors low density and low mass for maximizing the magnitude of the order parameter. The heavy masses of the TMD materials that increase the order parameter in MF and MF-RPA theories, reduce the order parameter in the MF-GW theory. In the strong coupling regime, intralayer screening has a large impact on the magnitude of the order parameter and its functional dependencies on effective mass and carrier density.
